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ΑΡΗΣ  ΝΙΚΟΛΑΪΔΗΣ
Note
(1/χ)΄ = -1/χ^2
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ΑΡΗΣ  ΝΙΚΟΛΑΪΔΗΣ
Note
Δείτε πρώτα τις δύο επόμενες περιπτώσεις

Αν k , λ είναι άρτιοι εφαρμόζουμε τους τύπους του αποτετραγωνισμού 1) και 2) - δες στο τέλος της σελίδας-

Αν ένας τουλάχιστον είναι περιττός δουλεύουμε όπως στις παρακάτω περιπτώσεις

ΑΡΗΣ  ΝΙΚΟΛΑΪΔΗΣ
Note
Αν k=2ν+1 τότε:

ημ^k = [(ημχ)^2]^ν.ημχ

 = [1-(συνχ)^2]^ν.(-συνχ)΄ 

και στην συνέχεια θέτουμε 

u=συνχ

Αν k=2ν εφαρμόζουμε τον τύπο του αποτετραγωνισμού ( δες τα σχόλια στο τέλος της σελίδας )

ΑΡΗΣ  ΝΙΚΟΛΑΪΔΗΣ
Note
Αντίστοιχα με την προηγούμενη περίπτωση

ΑΡΗΣ  ΝΙΚΟΛΑΪΔΗΣ
Note
Χρησιμοποιήστε τον τύπο 3) που είναι στο τέλος της σελίδας και μετά τον μετασχηματισμό

u=εφ(χ/2)

ΑΡΗΣ  ΝΙΚΟΛΑΪΔΗΣ
Note
Χρησιμοποιήστε τον τύπο 4) που είναι στο τέλος της σελίδας και μετά τον μετασχηματισμό

u=εφ(χ/2)


ΑΡΗΣ  ΝΙΚΟΛΑΪΔΗΣ
Note
Χρησιμοποιήστε τους τύπους 3) και 4) που είναι στο τέλος της σελίδας και μετά τον μετασχηματισμό

u=εφ(χ/2)
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Aris Nikolaidis



33

4 ONOKAHPQMATA

4.1 MAPAI'OYZA 'H ANTIMNAPAIrQroz

2YNAPTH:HZ
OPIXMOZX: Ilopdyovcao 1 OVTITOPAY®OYOS HIOGC
ocuvaptnong f(x) opwopévn oto D(f) Aéyetor m
ovvaptnon F(X) yio v onoia woyvet F'(x)=f(x).
LYMBOAIZMOZX: F(x)= | f(x)dx = [df (x)
INPOTAXH: Av n f givar ocvveyng oto medio
OPIOLOV TOTE VIAPYEL 1| TOPAYOVGAL.
MMPOTAXH: Av F(x) ka1 G(x) glvor 010popeTIKEG
TapAyovceg pog cvvdptnong f(x) tote dapépovv
Katd po otafepd ¢ dniaon:

F(x)-G(x)=c.

INAPATHPHXH: H oloxAnpwon eivar n avtiBetn

dladKacio TNG TaPAYDYIoTG.
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4.2 BAZIKEZ IAIOTHTEX

1. [2 AL

TOGOTNTEC.

k
=§’li_[fi(x)dx, A otobepég

2. [J S = fx)

3... Jf '(X)dx = f(x)+c, ¢ otofepr) TOGHTNTA.

4.3 BAZIKA ONOKAHPOMATA

.. f{(x)=0

.. f(x)=a

. f(x)=x"

.. f(x)=¢"

. f(x)=1/x

.. f(x)= cos(x)
.. f(x)= sin(x)

e R I

.. f(x)= 1/sin*(x)

10... f(x)= 1/(1+x’

< F(x)=c

< F(x)=ax+c

& F(x)=x"(k+1)+c, k-1
< F(x)=¢"+c

& F(x)=In|x|+c

& F(x)=sin(x)+c

< F(x)=-cos(x) +c

. f(x)=l/cos’(x) & F(x)=tan(x)+c

& F(x)=-ctan(x)+c

) & F(x)=arctan(x)+c

11... f(x)= 1/V1-x> & F(x)=arcsin(x)+c

12... f(x)= a*

< F(x)=a"/In(a)+c
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4.4 KANONEZ ONOKAHPQZ2HX

441 MEOOAOZ ANTIKATAZTAZHX
OEQPHMAEcto f cuveyng oto D(f) kot u=g(x)
ue medio Tinav R(g)=D(f) tote

[ f(g(x)g (¥)dx = [ f (w)du =F(uyte.
IMAPATHPHXH: To mopamdve Osopnuo pog
Bonbder vo omlomomocovpe TO OAOKANPOUOTO

YPNOUOTOIDVTOS TIG TOPAYDYOLS TWV CLVOETMV

GUVOPTHGEDV.

MEG®OAOX YIIOAOT'IEMOY JG(x)dx :

BHMA 1: I'pagovue mv G(x) = f( g(x) )g'(x).
BHMA 2: Qétovpe u=g(x).

BHMA 3: Yroloyilovue IG(x)dx = ff (u)du
INAPATHPHXH: f(u) mpénet va eivor €OKoAa
OAOKANPOCIUN.
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4.4.2 TTAPAITONTIKH OAOKAHPQZH
KANONAX TAPATONTIKHYX OAOKAHPQXHY:

‘Eoto o611 0éhovue va vmohoyicovpe éva

OAOKAN PO _[f (x)dx dmov m f pmopel va ypoptel
®¢ ywopevo Vo cuvaptinoewv h; kot hy (dnAaom
f(x)=h;(x)h,(x) ) xor m mapayovca H; g

cuvdptnong h; givon edxola Tapaymyioun t10te
[ £)x = H(x) hy(x) - [ Hi(0)h,' ()

HAPATHPHEH (I Av [h(Mh'(Mdx  givon

g0KoA0 VITOAOYIoIUN TOTE £XOVUE LTOAOYIGEL KOt TO

[ reodx.

IHAPATHPHXH (II): O xavovog mopayoviikng

OAOKANP®ONG GLVETAYETOL At TNV 1WO10TNTA
[f{(x)g(x)] =" (x)gx)+ f (x)g'(x)

Oétovtag Hi=f ko h,=g.

IMMAPATHPHXH (III): H h,’(x) mpénet va. gival wo

amAn cvvaptnon and v hy(x). H hi(x) emAéyetan

®oTE va £YEL EDKOAN VTTOAOYIGIES TOPEYOVGEG.
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4.4.3 EIAIKEZ MOPOEX
1... J.eaﬁbp(x)dx _ a-le(xerbp(X)_a-] '[eaerbp,(x)dx
Omov p(X) €ivo TOALMOVLUIKT) GLVAPTNOT
2... jsin(ax +b)p(x)dx =
=" cos(ax+b)p(x)+a’ J.cos(ax +b)p'(x)dx
3... Jcos(ax +b)p(x)dx =
=q'sin(ox+b)p(x)-a _[sin(ax +b)p'(x)dx

4... [ /(0 In(g(x))dx =

— F(x)In(x) -] %g’(ﬂdx

onov f,g elvar pntég cuvaptnoeLs.
5... J.e“‘“’ sin(y +&x)dx | je“‘*ﬁ cos(y + Ox)dx

B

Bcowpovpe cav h(x)=e™"? kot spappdlovpe dvo

(POPEG TOV KAVOVO TOPOYOVTIKNG OAOKANPMOTC.
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4.4.4 ONOKAHPQZH PHTQN
2YNAPTHZEQN
Ot pntég  OLVOPTNOEIS  OVOPEPOVTOL  GE
OLVOPTNGELS TOL  Ypaeoviol ocav  Adyog ovOo

moAvmvoumy oniadn f(x)=p(x)/q(x).
MEPIKA BAXIKA OAOKAHPQMATA PHTQN
YYNAPTHZEQN

1 I#dxz o 'In(ox+p) + ¢
cee O(x-l'ﬁ

2... f ;kdx =o' (ax+B) /(-k+1) +c
(oxx+ fB)

J_ X dx l(1+x2)—k+1x
A+x) =2 —k+1 okl

X
4o ST = In(1xD)2 + 0

|
5... jl+x2 dx = gretan(x) + ¢
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ATAAIKAXIA OAOKAHPQXHE PHTQN
>YNAPTHZEQN
BHMA 1: EAéyyovpue av o BaBuog tov p(x) eivai
uikpotepov Pabuov and to q(x). Av Oyt dtopovpe
Kol TTPOYWPOVUE HE TO VEOAOmO 1(X) OMAadm
YPAPOLLLE
P()/q(x) = k(x) + 1(x)/q(x).

BHMA 2: [Ilopayovtorolovpe v q(x).
BHMA 3: T k60s mopdyovta (x-0)* ypapovpe

A/(x-0) FAS/(x-0)*+ ... + A/(x-a)~.

T kd0e mopdyova (x>+bx+c)™ ypapove
(Bix+T)/( x*+bx+c) + ... + (Byx+)/( x*+bx+c)
BHMA 4: ypdoovue to p(x)/q(x) cav dBpoicua,
TOV TOPATAVEO GLVIEAECTMOV Kot Ppiokovue ta Ay,

B, I'... A, B, Ik
BHMA 5:  YmoloyiCovpe to OAOKANPOUOTO LE
Baon 1o Pocwkd  OAOKANPOUOTO  PNTOV

GUVOPTNCEMV.
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4.5 OPIZMENO OAOKAHPQMA

OPIXMOX (xatd Riemann): 'Eoto f(x) sivau
ocuveYNS oto [a,b] kat yio omotodnmote dapepiouo
tov [a,b]= [a,x|]U[x,Xz] U...U[XK,b] pe Xp=a kot

Xg+1=b Kot yu omowadnmote &€ [X;.1,x;] v i=1, ...,

k+1 161e 1O Op1O }xfrilogf (éi)chi’ OXi=Xi-Xi.|

ovopaletor ohokAnpopo kotd Riemann kot eivon

ico pe F(b)-F(a).

b
LYMBOAIEMOE: | /(1)dx il Jb]f (x)dx

IHAPATHPHXH (I): To oloxApopa omnd 10 o
¢w¢ 10 B etvan ico pe 10 guPfaddv mov mepucAeietan
avapeca oy f(x) kot oty gvbeia y=0 (dnAadm
tov dEova Tov X).

IMHAPATHPHXH (II): To oAoxANpopa gival otnv
ovcia eméktaon TV afpolcHATOV OE GLVEXN

dlooTHHOTO.
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4.5.1 IAIOTHTEZ OPIZMENOY
OAOKAHPQMATOZ

b

k k b
1... Jziiﬁ(x)dxzz%fff(x)dx, Ai oTafepéc
Y il =1

TOCOTNTEG.

2... jf(x)dx:o

a b
3... [S0ds=—[ 1 ()
b a
4... Av X<X,<...<Xy TOTE
Xk k—1 Xitl
[reoae 2, [ fxdx
X =y
S5... Av oa<B<y o f(x)=0 v «éOe x TOTE
B Y
[ redx <[ fdx

6... Av f(x)<g(x) ywo «éBe o<x<p 1o1¢

B B
[reode < [edx
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4.6 TENIKEYMENO OAOKAHPQMA

4.6.1 NMPQTOY TYNOY N'ENIKEYMENO
OAOKAHPQMA

OPIXMOZX: 'Eoto f(x) elvor cvveyng oto [a,+oo]

(x)dx

+oo
TOTE TO OAOKAN PO .[ f opiletar cav 10 6plo
a

b
gg!ﬂ@ﬁzgngLﬂw.
Avéloya £yovpe:

# j.f(x)dx :aligj.f(x)dx

+oo b
o [Sds_ fim lim [f(Ods_ lim F(b) - lim F(a)

IMAPATHPHXH: Av to mopondve Opio givor ica
He €va TPAyHaTIKO aplfud TOTE TO OVTIGTOL(O

OAOKANPOLO GLYKAIVEL S10POPETIKE OTOKAIVEL.
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4.6.2 AEYTEPOY TYNOY NI'ENIKEYMENO
OAOKAHPQMA

OPIEMOZX: 'Eoto f(x) eivan cvuveyng oto (a,b) ko

[1]1m f(x) =20 g/con [2] 1M f(x) =% 1418 10
b
OAOKAY PO :!. J(X)dx o oireton oav 1o 6puo
b
# im f SO (b - lim F(x) gy 1oy0ein [1]

# lim .(!.f(x)deJLl})l F(X) - F(a) av woydetn [2]

t—at t,—>b”

A lim lim _[ S/ (x)dx?}igl F(x)_ xllgl F(x) v 1oy000v
ko [1] xoun [2].

IMAPATHPHXH (I): Avdioya pmopodue vao

opicovpe kol ocvvovacpovg A kot B tdmov

YEVIKELUEVO OALOKAT PO LLOLTOL.

INHAPATHPHXH (II): Av n ovvdptnon f eival

acvveENS o€ £va onpeio xqe (a,b) tote

}f(x)dx _ | o [ £

44

4.6.3 EAEMX0OZ ZYT'KAIZHZ
FENIKEYMENQN OAOKAHPQMATQN

OEQPHMA: Av f(x) xor g(x) eivor ocvuveyng oto

[a,1e0) ko O<f(x)<g(x) Yo k4Oe x=>a 101€

(1) av ,[ g Guvikiver téTE KO TO

.[ J X)X Gymehiver.

+oo

(2) av I JXdx  grokhiver ToTE KOou TO

oo
I gX)dx o rorhiver.

IMAPATHPHXH: To mopamdve Oedpnua pmopel
va  yevikevtel  yio  OAo  TOL  yeEVIKELUEVOL

OAOKANPOUOTOL.
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4.7 EQAPMOIEZ2 TON OAOKAHPOMATQN
2TI2 OIKONOMIKEZ 2YNAPTHZEIX>

4.7.1 2YNAPTHZEIZ EZOAQN KAI
KOZTOYZ

v 0w 61deTan n cLVAPTNON OPLIKAOV EGOdMV (1)

oplokoy KOGTOVG) kot {ntohvtor Ol GLVOPTNCELS

OAMKAOV 1| HECOV £€600mV (1] KOGTOVG) dNAON:

R(q) = [MR(9)dq a1 C(q) = | MC(9)dq .

4.7.2 2ZYNAPTHZEIX KATANAAQZHZ,
ATMOTAMIEYZHZ KAI EONIKOY
EIZOAHMATOZ

OPIXMOX: To ebvikd ecdoMuo oidetar cov
GOpoicpa TOV TOGOV TOV KATOVOADVOVLE KOl TOL

OGOV TOV ATOTAUIEDOVLLE ONACON:
EIXOAHMA = KATANAAQZH + AITOTAMIEYZH
[E=K+Al
IHAPATHPHXH: Av mopoyoyiocovpe tnv Tapomdveo

dK dA
EKQPOON TTPOG TO ELGOOM O EOVUE: JE + dE L
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OPIEMOZX: H mopdymyog g KOTAVAA®ONG ©G

dK
TPOG TO EGOMMUO, s, OVOUACETOL OPLOKT POTH

TPOG KATAVAA®OT).
OPIXMOZX: H mapdywyoc TG OmOTOUEVONS MO

dA
TPOG TO EGOOMHO, -, OVOUALETOL OPLOKY POTN

TPOC AMOTOUIELOT).
OPIXMOZX: H mopdymyog TOU EGOOMUATOS MC

dE
mpog TNV amotapigven, o, ovoudletat

moAlamAOGIOGTC  €fvikoh  elcodNuHOTOG KO
ocvopPorileTon pe k.

IMAPATHPHXH: k=1/(opaxn ponn Tpo¢ amotapicvon)
Kot k=1/(1-opaxn pomn Tpog KaTovaAmaon).
EPMHNEIA: Tw «d&0e vopopatiky povada mwov
amotapevetol to €fvikd ecdomua avéaver katd k

LLOVAOEG,.
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4.7.3 MAEONAZMA KATANAAQTH
OPIEMOZX: [TAedvocpo KOTOVOA®TH GTO CNUEio

(qo,po) Aéyetan 10 emumAéov mOcO oL OlaTifeTon Vo
TANPOOCEL O KATOVOAMTNG Yo TPOIGVTO  TTOV

TOAOVVTOL TAV® OO TNV TN Po Kol SIdETOL MOC:

qq
(1) CS= z‘)‘Dl (q)dq — Po4o av Cf‘lrncn
neptypdpetal and ™ oyéon p=D(q) 7
i) cs= PP oy w imen

P>Po,4>0

mepLypageTon and t oxéon q=D(p) .

4.7.4 MTAEONAZMA MNMAPAIrQroy
OPIXMOZX: I[Iiedvooua mopaymyod 6to orueio

(q1,p1) Aéyetan 10 emumAéov TOcO oL OlaTifeTON VO
YAGEL O TAPAYWOYOC TPOGPEPOVTOS Ta ayalBd Tov G¢

TN KpOTEPT O TNV TIUN P Ko O1dETAL OOC;

9
(i) PSZplql_.O[S_I(Q)dq av M TPOSPopd

neptypdpetar and mm oxéon p=S'(q) 7
(iii) PS= .[ S(Pp 4y mpoc@opd:

P<pi,9>0

TEPLYPAPETOL Ao TN oxéon q=S(p) .
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